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A RANK RIGIDITY RESULT FOR CAT(0) SPACES WITH
ONE-DIMENSIONAL TITS BOUNDARIES
RUSSELL RICKS
Abstract. We prove the following rank rigidity result for proper CAT(0)
spaces with one-dimensional Tits boundaries: Let Γ be a group acting properly
discontinuously, cocompactly, and by isometries on such a space X. If the Tits
diameter of ∂X equals pi and Γ does not act minimally on ∂X, then ∂X is a
spherical building or a spherical join. IfX is also geodesically complete, then X
is a Euclidean building, higher rank symmetric space, or a nontrivial product.
Much of the proof, which involves finding a Tits-closed convex building-like
subset of ∂X, does not require the Tits diameter to be pi, and we give an
alternate condition that guarantees rigidity when this hypothesis is removed,
which is that a certain invariant of the group action be even.
1. Introduction
The Rank Rigidity Theorem for nonpositively curved manifolds (see [1] or [8])
states that if a group acts geometrically—that is, properly discontinuously, cocom-
pactly, and by isometries—on a nonpositively curved Riemannian manifold, one
of the following holds: (a) M admits a rank one axis, (b) M splits as nontrivial
product, or (c) M is a higher rank symmetric space.
CAT(0) spaces generalize nonpositive curvature from the Riemannian to the
metric setting, allowing one to study nonpositive curvature without requiring a
smooth manifold structure. A well-known conjecture for CAT(0) spaces is the
following generalization of the Rank Rigidity Theorem for compact nonpositively
curved manifolds (cf. [4]).
Conjecture (Rank Rigidity). Let X be a proper, geodesically complete CAT(0)
space under a geometric action. If X does not admit a rank one axis, then X is a
higher rank symmetric space or Euclidean building, or splits as a nontrivial product.
The Rank Rigidity Conjecture is known to hold among various classes of CAT(0)
spaces. In addition to the Riemannian case mentioned previously, Rank Rigid-
ity holds for CAT(0) cube complexes [9]. It also holds for CAT(0) piecewise-
smooth 2-dimensional polyhedral complexes [2]. A similar result holds for CAT(0)
3-dimensional Euclidean polyhedral complexes [3].
Each of these results requires an additional structure on the CAT(0) space—a
Riemannian or polyhedral structure. Our approach, in contrast, is to put only a
dimension restriction on the Tits boundary of the CAT(0) space. The Tits boundary
consists of all the geodesic rays from a fixed basepoint, and it carries a natural metric
called the Tits metric. If X is a proper CAT(0) space admitting a geometric action
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and the Tits boundary ∂TX has dimension zero, then X is δ-hyperbolic and rank
rigidity is trivial. So studying the case where ∂TX has dimension one is a natural
first step toward the general conjecture.
Now, every CAT(0) piecewise-smooth 2-dimensional polyhedral complex has
dim(∂TX) ≤ 1, and every CAT(0) 3-dimensional Euclidean polyhedral complex
has dim(∂TX) ≤ 2, but in both cases the dimension may be 0 or 1. On the other
hand, the product of two δ-hyperbolic proper CAT(0) spaces X,Y of any dimension
has dim ∂T (X × Y ) = 1. Corollary B provides a version of rank rigidity that works
directly from the dimension of the boundary and detects such products.
The set of geodesic rays with fixed basepoint, which forms the Tits boundary,
comes with another natural structure, the cone topology. This topology is coarser
than the one induced by the Tits metric, and we will sometimes write ∂∞X to
emphasize that we are using the cone topology.
When X is a nonpositively curved Riemannian manifold (under a geometric
group action), the following three conditions are equivalent:
(1) X admits a rank one axis
(2) diam(∂TX) > π
(3) the induced Γ-action on ∂∞X is minimal—that is, the boundary contains
no proper nonempty Γ-invariant subsets that are closed in the cone topology
(see [1] or [16] for a more detailed discussion). On the other hand, for a CAT(0)
space, while one may conjecture that all three conditions are equivalent, we only
know that (1) holds if and only if both (2) and (3) hold. In this paper, we prove
rigidity assuming the stronger hypothesis that both (2) and (3) fail:
Theorem A (Theorem 35). Let Γ be a group acting geometrically on a proper
CAT(0) space X with dim(∂TX) = 1. If diam(∂TX) = π and Γ does not act
minimally on ∂∞X, then ∂TX is a spherical building or a spherical join.
By a theorem of Leeb [13], we obtain rigidity for the original CAT(0) space.
Corollary B (Corollary 36). Let Γ be a group acting geometrically on a proper,
geodesically complete CAT(0) space X with dim(∂TX) = 1. If diam(∂TX) = π and
Γ acts minimally on ∂∞X, then X is a Euclidean building, higher rank symmetric
space, or a nontrivial product.
In fact, we prove the following result, stronger than Theorem A.
Theorem C (Theorem 33). Let Γ be a group acting geometrically on a proper
CAT(0) space X. Assume dim(∂TX) = 1 and M ( ∂∞X is a proper minimal
subset of ∂∞X. Let K ⊂ ∂TX be a folded round sphere, and let ℓ = |M ∩K|.
Then 1 ≤ ℓ < ∞. Suppose that M is chosen to minimize ℓ, among all minimal
sets M ⊂ ∂∞X. If ℓ = 1, ∂TX splits as a suspension. If ℓ = 2, ∂TX splits as a
spherical join. If ℓ ≥ 4 is even, or if ℓ ≥ 3 is odd and diam(∂TX) = π, then ∂TX
either is a spherical building or splits as a spherical join.
The proof of Theorem C uses the Centers Lemma (Lemma 21) from [17] along
with a rigidity result (Theorem 9) of Lytchak [14] about involutive sets in ∂TX .
The case ℓ is odd is the most complicated, and our proof involves constructing a
large Tits-closed, convex subset of ∂TX , which has many properties of a spherical
building. A detailed description of this subset is given in Lemma 32.
We arrive at the following comprehensive list of options for ℓ = ℓ(Γ).
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Theorem D (Theorem 34). Let Γ be a group acting geometrically on a proper
CAT(0) space X with dim(∂TX) = 1. Let K ⊂ ∂TX be a folded round sphere. For
each finite-index subgroup Γ0 of Γ, let ℓ(Γ0) = inf |M ∩K|, where the infimum is
taken over minimal nonempty, closed, Γ0-invariant subsets M of ∂∞X.
The following table summarizes the complete situation (here min ℓ(Γ0) is taken
over all finite-index subgroups Γ0 of Γ):
∂X possible ℓ(Γ) min ℓ(Γ0)
circle 1, 2, 3, 4, or 6 1
suspension but not a circle 1 or 2 1
spherical join but not a suspension 2 or 4 2
irreducible spherical building integers ≥ 3 ≥ 3
minimal ∞ ∞
π < diam(∂TX) ≤ π +
π
ℓ(Γ) odd integers ≥ 3 odd ≥ 3
Note that no example of the last case (π < diam(∂TX) ≤ π+
π
ℓ(Γ) ) is known, and
(at least if X is geodesically complete) would provide a counterexample to the Rank
Rigidity Conjecture stated above. Also note that the bound diam(∂TX) ≤ π +
π
3
coincides with Guralnik and Swenson’s bound [11] for dim(∂TX) = 1.
2. The Spaces
2.1. CAT(1) and CAT(0) Spaces. A metric space X is called proper if closed
balls in X are compact.
A geodesic in a metric space X is an isometric embedding R→ X ; a geodesic ray
is an isometric embedding [0,∞)→ X ; and a geodesic arc (or geodesic segment) is
an isometric embedding [a, b]→ X for some a < b in R. A metric space X is called
geodesic if every pair of distinct points x, y ∈ X is connected by a geodesic in X ; if
every such geodesic is unique, X is uniquely geodesic. A metric space is π-geodesic
if every pair of distinct points with distance < π is connected by a geodesic. When
the geodesic arc between x, y ∈ X is unique, we will denote it by [x, y].
A metric space is geodesically complete if every geodesic arc can be extended to
a locally isometric embedding R→ X .
A CAT(0) space is a uniquely geodesic metric space such that every geodesic tri-
angle △(x, y, z) is thinner than the corresponding comparison triangle △(x, y, z)
in Euclidean R2. More precisely, let x, y, z ∈ X and find x¯, y¯, z¯ ∈ R2 such
that d(x¯, y¯) = d(x, y), d(x¯, z¯) = d(x, z), and d(y¯, z¯) = d(y, z); then △(x, y, z) =
△(x¯, y¯, z¯). Then △(x, y, z) is thinner than △(x, y, z) if for every p ∈ [x, y] and
q ∈ [x, z], the corresponding points p¯ ∈ [x¯, y¯] and q¯ ∈ [x¯, z¯] with d(p¯, x¯) = d(p, x)
and d(q¯, x¯) = d(q, x). So X is CAT(0) if for every x, y, z ∈ X , the triangle△(x, y, z)
is thinner than △(x, y, z).
A CAT(1) space is a π-geodesic metric space such that every geodesic triangle
with perimeter < 2π is thinner than the corresponding comparison triangle in S2,
the Euclidean 2-sphere with the standard metric of constant curvature 1.
The following facts about CAT(1) spaces are standard ([7] is a nice reference).
Lemma 1. Every pair of distinct points x, y of distance < π in a CAT(1) space Y
is joined by a unique geodesic arc [x, y] in Y .
Lemma 2. Every locally geodesic arc of length ≤ π in a CAT(1) space is geodesic.
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A subset C of a CAT(1) space is called convex if every geodesic in Y joining
pairs of points in C lies completely in C.
Lemma 3. Every metric ball of radius < π2 in a CAT(1) space is convex.
2.2. Angles and Boundaries. Let Y be a CAT(1) space Y and p ∈ Y . Given
x, y ∈ Y r {p}, the angle ∠p(x, y) is the limit of the corresponding angle in the
comparison triangle △(p, x′, y′) in S2 (or R2, the limits are equal) as x′, y′ → p
with x′ ∈ (p, x] and y′ ∈ (p, y].
Let X be a CAT(0) space and fix x0 ∈ X . The boundary, written ∂X , of X is
the set of all geodesic rays based at x0. The boundary comes naturally equipped
with two topologies. The cone topology on ∂X is the compact-open topology; for
X proper, this is compact metrizable. Another topology on ∂X comes from the
angle metric, defined by ∠(p, q) = supx∈X ∠x(p, q) for all p, q ∈ ∂X . This metric
induces a finer topology than the cone topology.
The angle metric on ∂X is complete and CAT(1), but distances are bounded
above by π. The Tits metric is the path metric dT on ∂X coming from the angle
metric; the Tits metric is also complete CAT(1), and we have the formula ∠(p, q) =
min {π, dT(p, q)} for all p, q ∈ ∂X .
An important fact is that the Tits metric is lower semicontinuous with respect
to the cone topology; that is, if pn → p ∈ ∂X and qn → q ∈ ∂X under the cone
topology, then dT(p, q) ≤ lim inf dT(pn, qn).
We adopt the following.
Convention. When discussing the boundary of a CAT(0) space, topological prop-
erties such as closed will refer by default to the cone topology, whereas metric
properties will refer to the Tits metric. Occasionally, to emphasize the cone topol-
ogy, we write ∂∞X ; for the Tits metric, ∂TX ; otherwise simply ∂X .
2.3. Dimension. Let Y be a CAT(1) space. For each p ∈ Y , the link Lk(p) of p
in Y is the completion of the set of geodesic germs from p in Y , endowed with the
angle metric ∠p. The space Lk(p) is also CAT(1).
Following Kleiner [12], the geometric dimension dim Y of a CAT(1) space Y is
zero if Y is discrete, one if the link of every point in Y is discrete (i.e. geometric
dimension zero), two if the link of every point in Y is geometric dimension at most
one, and so forth, with dim(Y ) = ∞ for the remaining spaces Y . Our main focus
will be on CAT(1) spaces of geometric dimension one.
Convention. For a CAT(1) space Y , we will write dimension to mean the geo-
metric dimension of Y , also denoted dim Y . For a CAT(0) space X , we will write
dim(∂TX) to mean the geometric dimension of the Tits boundary of X .
If Y is a CAT(1) space with dimY = 1 then every metric ball of radius < π is an
R-tree. It follows that every connected CAT(1) space Y such that dimY = 1 and
H1(Y ) = 0 (i.e. zero first Betti number) is an R-tree. We also obtain the following.
Lemma 4. Let Y be a CAT(1) space with dim(Y ) = 1. Every locally injective path
in Y can be reparametrized to be locally geodesic.
Combining this with Lemma 2, we obtain the following result.
Corollary 5. Let A be any subset of a CAT(1) space Y with dim(Y ) = 1. Then
every path in A of length ≤ π can be straightened to a geodesic arc in A.
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Kleiner showed [12, Theorem C] that if X is a proper CAT(0) space admitting
a cocompact action by isometries, then dim(∂TX) <∞.
Definition 6. Let Y be a CAT(1) space. Call a subset K ⊂ Y a sphere if it is
isometric (under the Tits metric) to a standard Euclidean sphere of radius one,
endowed with the angle metric. Call a sphere K ⊂ Y round if dimK = dim Y .
Kleiner proved [12, Theorem C] that round spheres exist in the Tits bound-
ary ∂TX of X whenever X is proper CAT(0) admitting a cocompact action by
isometries. Bennett, Mooney, and Spatzier [6, Corollary 2.5] proved the following.
Lemma 7. Let Γ be a group acting geometrically on a proper CAT(0) space X,
and let K ⊂ ∂TX be a round sphere. Then ΓK is dense in ∂∞X.
2.4. Involutive sets. Let Y be a CAT(1) space. For p ∈ Y , let A(p) be the set of
antipodes {q ∈ Y : dT(p, q) ≥ π} of p in Y . For C ⊆ Y , let A(C) =
⋃
p∈C A(p).
Definition 8. A set C ⊆ ∂TX is involutive if A(C) ⊆ C.
The following rigidity theorem is due to Lytchak.
Theorem 9 (Main Theorem of [14]). Let Y be a finite-dimensional, geodesically
complete CAT(1) space. Suppose A is a proper, closed, involutive subset of Y . If
Y is geodesically complete, then it as a spherical building or spherical join.
By Kleiner [12], the Tits boundary of X is finite-dimensional because Γ acts
cocompactly on X ; hence the above theorem applies to Y = ∂TX , where A ⊂ ∂TX
is closed under the Tits metric. However, it is unknown what conditions to place
on X to ensure its Tits boundary ∂TX is geodesically complete.
It is well-known (see [7, Theorem II.9.24]) that if X is a complete, geodesically
complete CAT(0) space, and the Tits boundary of X is a spherical join, then X
splits as a product. On the other hand, if the Tits boundary of X is a spherical
building, we have the following rigidity theorem due to Leeb.
Theorem 10 ([13]). Let X be a geodesically complete, proper CAT(0) space. If
∂TX is a non-discrete irreducible spherical building under the Tits metric, then X
is either a Euclidean building or a higher rank symmetric space.
3. The Group Action
Standing Hypothesis. For the rest of the paper, let Γ be a group acting geo-
metrically (that is: properly discontinuously, cocompactly, and by isometries) on a
proper CAT(0) space X .
3.1. Limit Operators. The following construction comes from Guralnik and Swen-
son [11]: Let G be a discrete group acting on a compact Hausdorff space Z. Denote
by βG the Stone–Cˇech compactification of G. For each z ∈ Z, extend the orbit
map ρz : g 7→ gz and, for ω ∈ βG, define T
ω : Z → Z by Tωz = (βρz)(ω). Thus,
for fixed z ∈ Z, the map ω 7→ Tωz is a continuous map of βG into Z (although
z 7→ Tωz may not be continuous for fixed ω ∈ βG).
The family {Tω}ω∈βΓ of operators is closed under composition. The inverse map
g 7→ g−1 on G extends to a continuous involution S : βG → βG; however, TωT Sω
usually only equals the identity for ω ∈ G.
Now let Γ be a discrete group acting properly discontinuously and by isometries
on a proper CAT(0) space X (proper as a metric space). Since X = X ∪ ∂∞X is
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compact Hausdorff, the above construction gives us a family of operators Tω on X.
Guralnik and Swenson observe that since every γ ∈ Γ acts by isometries on ∂TX ,
every Tω is in fact 1-Lipschitz on ∂TX by semicontinuity of dT.
3.2. Folding.
Definition 11. Let K ⊂ ∂TX be a sphere, and suppose ω ∈ βΓ has the property
that Tω(∂X) = TωK and Tω|K is an isometry. We say that ω folds K onto T
ωK
(or, ω is a K-folding), and we call TωK a folded sphere.
Combining results of Guralnik and Swenson [11, Lemma 3.25] and Leeb [13,
Proposition 2.1], we obtain the following.
Corollary 12. Let Γ be a group acting geometrically on a proper CAT(0) space X.
Let K ⊆ ∂TX be a round sphere. Then some ω ∈ βΓ folds K.
3.3. π-convergence.
Definition 13. Let ω ∈ βΓ r Γ. The attracting point ω+ = Tω(x) ∈ ∂X and
repelling point ω− = T Sω(x) ∈ ∂X of ω do not depend on x ∈ X .
Papasoglu and Swenson’s π-convergence theorem [15, Lemma 19] has a form in
terms of βΓ:
Theorem 14 (Theorem 3.3 of [11]). Let Γ be a group acting properly discontinu-
ously by isometries on a CAT(0) space X, and let ω ∈ βΓr Γ. Then
∠(p, ω−) + ∠(Tωp, ω+) ≤ π
for all p ∈ ∂X.
Corollary 15 (cf. Lemma 3.6 of [11]). Let ω ∈ βΓ r Γ. If p ∈ A(ω−) then
Tωp = ω+.
Definition 16. Points p, q ∈ ∂X are called Γ-dual if there exists some ω ∈ βΓrΓ
such that ω+ = p and ω− = q. For p ∈ ∂X , let D(p) denote the set of points
q ∈ ∂X such that p, q are Γ-dual.
Corollary 17 (cf. Lemma 1.5 of [4]). Let p, q ∈ ∂TX be antipodal. Then D(q) ⊆ Γp
and D(p) ⊆ Γq.
3.4. Pulling. A sequence (xn) inX is said to radially converge to p ∈ ∂X if xn → p
and, for some (any) fixed geodesic ray [y, p) in X , there exists R > 0 such that every
xn is distance ≤ R to the image of [y, p) in X .
Definition 18. ω ∈ βΓ is said to pull from p ∈ ∂X if there exists a sequence (γn)
in Γ ⊂ βΓ such that (γn) accumulates on Sω ∈ βΓ and (γnx) radially converges to
p ∈ ∂X for some (any) x ∈ X . (In particular, p = ω−.)
Remark. Guralnik and Swenson [11] give an equivalent definition of pulling.
Note by cocompactness we can pull from each p ∈ ∂X . Also we have (from [11]):
Proposition 19. Let ω ∈ βΓ pull from p ∈ ∂X, and let K ⊂ ∂TX be a round
sphere.
(1) ∠(Tωp, Tωq) = ∠(p, q) for all q ∈ ∂X, and Tω maps ∂X into the suspension
Σ(Tωp, ω+) = {n ∈ ∂X : dT(T
ωp, n) + dT(n, ω
+) = π}.
(2) If p ∈ K, then Tω|K is an isometry. In particular, T
ωK is a round sphere,
and Tω maps the antipode of p on K to the antipode of Tωp on TωK, which
equals ω+.
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3.5. Splittings and the Centers Lemma. The next two results come from [17].
The first is part of a more general splitting theorem [17, Theorem C].
Theorem 20. Let Γ be a group acting geometrically on a proper CAT(0) space X.
Let K ⊂ ∂X be a round sphere and A ⊂ ∂X a nonempty closed, Γ-invariant set. If
∂X does not split as a spherical join, then A∩K cannot lie completely in a proper
subsphere of K.
Let (Y, d) be any metric space, and let y ∈ Y and A ⊆ Y . Let d(y,A) =
infa∈A d(y, a) denote themetric distance from y toA, andHd(y,A) = supa∈A d(y, a)
the Hausdorff distance from y to A. The radius (or circumradius) of a set A ⊆ Y
is radiusY (A) = infy∈Y Hd(y,A). The set of centers (or circumcenters) of A in Y
is CentersY (A) = {y ∈ Y : Hd(y,A) = radiusY (A)}. Notice that radiusY (A) and
CentersY (A) depend on the ambient space Y .
Lemma 21 (Centers Lemma). Let Γ be a group acting geometrically on a proper
CAT(0) space X. Let A be a nonempty closed, Γ-invariant subset of ∂X. For
any folded sphere K ⊂ ∂X, the set K ∩ Centers∂X(A) is a nonempty subset of
CentersK(A ∩K). Moreover,
radius∂X(A) = radiusK(A ∩K) = π −max
K
dT(−, A ∩K) = π − sup
∂X
dT(−, A),
and the supremum is realized.
Proof. Lemma 21 is stated in [17, Lemma 21] with ∠ in place of dT. Since ∠ =
dT on K, it remains only to show sup∂X dT(−, A) ≤ π. So suppose, by way of
contradiction, that dT(p,A) > π for some p ∈ ∂X . Then ∠(p,A) = π, so by Lemma
21 of [17], radiusK(A ∩K) = 0. Thus A ∩K is a single point; by Theorem 20, ∂X
splits as a join. Hence diam(∂TX) = π, which contradicts dT(p,A) > π. 
3.6. Minimal sets.
Definition 22. Call M ⊆ ∂X minimal if it is a minimal nonempty, closed, Γ-
invariant subset of ∂X .
Note that if M is a minimal set, then βΓ acts transitively on M .
Lemma 23. Let M,N be minimal sets. For every m ∈ M , there is some n ∈ N
such that dT(m,n) = dT(M,N) := inf {dT(p, q) : p ∈M and q ∈ N}.
Proof. LetM,N be minimal and m ∈M . SinceM,N are closed, by lower semicon-
tinuity of the Tits distance there exist m′ ∈ M and n′ ∈ N such that dT(m,n) =
dT(M,N). Because βΓ acts transitively on M , there is some ω ∈ βΓ such that
Tωm′ = m. Let n = Tωn′. By 1-Lipschitzness of Tω, dT(m,n) = dT(M,N). 
Lemma 24 (cf. Corollary 1.6 of [4]). Let M be minimal. If m ∈M and p ∈ A(m),
then D(p) =M and D(m) = Γp.
Proof. Let m ∈ M and p ∈ A(m). Then D(p) ⊆ Γm = M and D(m) ⊆ Γp by
Corollary 17. But then D(p) =M by minimality of M , hence p and m are Γ-dual,
and therefore Γp ⊆ D(m). 
Lemma 25. Let M,N be minimal. If N ∩ A(M) is not empty, then A(M) ⊆ N
and A(N) ⊆M . In particular, M ∪N is a closed, involutive subset of ∂X.
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Proof. Suppose m ∈M and n ∈ N ∩A(m). If p ∈ A(M) then Γp = D(m) = N by
Lemma 24, hence p ∈ N . 
Remark. If M,N are proper subsets of ∂X , it follows that M ∪N is proper, too,
as dT(M,N) > 0 or M = N . However, in order to apply Theorem 9 we need to
know that ∂X is geodesically complete.
4. One-Dimensional Boundary
Lemma 26. Suppose dim(∂TX) = 1. Let K ⊆ ∂X be a round sphere in ∂X and
M be a minimal set. If M ∩K is infinite then M = ∂X.
Proof. Let ω ∈ βΓ be a K-folding, and let L = TωK. We claim M ∩ L = L. So
suppose, by way of contradiction, that M ∩ L 6= L. Let N ⊆ Centers∂X(M) be
minimal. There are only finitely many p ∈ L that maximize dT(−,M ∩ L), hence
Centers∂X(M)∩L is finite, and thus N ∩L is finite, too. Now for each m ∈M ∩K
there exists n ∈ N such that dT(m,n) = dT(M,N). Applying the map T
ω, we
find Tωm ∈ M ∩ L, Tωn ∈ N ∩ L, and dT(T
ωm,Tωn) = dT(M,N). Now T
ω|K is
injective, hence there are infinitely many points Tωm ∈ M ∩ L. Each n′ ∈ N ∩ L
can have dT(T
ωm,n′) = dT(M,N) for at most two T
ωm ∈ M ∩ L, thus there are
infinitely many points in N ∩ L. This contradicts finiteness of N ∩ L; we therefore
conclude that M ∩ L = L, and thus M = ∂X by Lemma 7. 
Standing Hypothesis. From now on, assume dim(∂TX) = 1 and ∂X is not
minimal. Let K ⊆ ∂X be a folded round circle and M ⊆ ∂X minimal.
Definition 27. Let A ⊂ K be nonempty. We say that A is uniformly spaced
around K if K r A is the union of open arcs of the same length. For A ⊂ ∂X , we
say A is uniformly spaced around K if A ∩K is uniformly spaced.
Remark. If A ⊂ K is uniformly spaced with ℓ = |A| > 1, then one can write
A = {a1, a2, . . . , aℓ} where every distance dT(ai, ai+1) =
2π
ℓ
(taking indices mod ℓ).
Lemma 28. If M minimizes |M ∩K| among minimal sets M ⊆ ∂X, then M is
uniformly spaced around K.
Proof. Let A = Centers∂X M . By Lemma 21, every point of A ∩ K is antipodal
to a point on K of maximum distance to M ∩K. Thus |A ∩K| ≤ |M ∩K|, with
equality if and only if M ∩K is uniformly spaced. 
The following result is an immediate corollary of Lemma 25.
Lemma 29. If |M ∩K| is even, and M is uniformly spaced around K, then
A(M) ⊆M . In other words, M is a closed, involutive subset of ∂X.
Definition 30. A set A ⊆ ∂X with at least two elements is called incompressible
if dT(T
ωp, Tωq) = dT(p, q) for every p, q ∈ A and ω ∈ βΓ.
Note that if a pair {p, q} is incompressible, then so is the whole geodesic arc
[p, q].
Lemma 31. If M minimizes |M ∩K| among minimal sets M ⊆ ∂X, and |M ∩K|
is even, then ∂X either is a spherical building or splits as a spherical join.
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Proof. Suppose |M ∩K| is even, and M is uniformly spaced around K. Let C =
Centers∂X(M). By our hypotheses on M , every c ∈ C ∩K lies on the midpoint of
an open arc of K rA. But N ⊆ C for some minimal set N , and now N ∩K must
contain every such midpoint by choice ofM . Thus dT(M,N) =
π
ℓ
for ℓ = |M ∩K|.
Hence every pair of adjacent m ∈M ∩K and n ∈ N ∩K has dT(m,n) = dT(M,N),
and is therefore incompressible. Thus K is covered by incompressible closed arcs
[m,n] of length π
ℓ
with endpoints m ∈M and n ∈ N . Therefore, ∂X is also covered
by such arcs by Lemma 7 and the definition of incompressible.
Now for an incompressible arc [m,n], the interior (m,n) is open in ∂X—i.e.
there is no branching off (m,n)—because otherwise we could pull from some p ∈
∂X on such a branch, and [m,n] would get compressed when mapped into the
1-dimensional suspension Σ(Tωp, q) ⊂ ∂X .
We now show that ∂X is geodesically complete. Let [m,n] be an incompressible
arc. By Balser and Lytchak [5, Lemma 3.1], there is some p ∈ K ∩ A(n). Since
M 6= ∂X ,X does not have a rank one axis, and therefore dT(m, p) ≤ π by Ballmann
and Buyalo [4, Proposition 1.10]; hence the arc [m,n] must extend past m in ∂X .
Similarly, [m,n] must extend past n in ∂X . It follows that every geodesic segment
in ∂X is extendible in both directions, proving our claim.
By Corollary 29, we see that M is a proper, Tits-closed, involutive subset of ∂X .
Therefore, ∂X is a spherical building or spherical join by Theorem 9. 
Lemma 32. Suppose dim(∂TX) = 1 and M ( ∂X is a proper minimal subset of
∂X. Let K ⊂ ∂X be a folded round sphere, and let ℓ = |M ∩K|. Suppose that M
is chosen to minimize ℓ, among all minimal sets M ⊂ ∂X, and suppose ℓ ≥ 3 is
odd. Then there exists some W ⊆ ∂X such that all the following hold:
(1) W is complete and convex under the Tits metric on ∂X.
(2) W is a (not disjoint) union of round circles.
(3) Branching in W is restricted to 2ℓ points on each circle, uniformly spaced
around the circle; these 2ℓ points are precisely the points of M ∩ A(M) on
the circle.
(4) ∂X is the union of W with a (possibly empty) collection of isometrically
embedded R-trees. Each tree T intersects W at a single point m = m(T ) ∈
M , and dT(m, p) ≤
π
ℓ
for all p ∈ T .
Furthermore, if diam(∂TX) = π then ∂X is a spherical building.
Proof. By Lemma 28, M is uniformly spaced around K with distance 2π
ℓ
between
closest points of M ∩ K. Since radiusK(M) = π − π
ℓ
by Lemma 21, we see that
|M ∩ L| = ℓ for any folded round circle L ⊂ ∂X . Thus, pulling from p ∈ K we see
that Hd(p,M) = Hd(p,M ∩ K) for all p ∈ K. In particular, the set A(M) ∩ K
consists precisely of those points p ∈ K such that dT(p,M ∩K) =
π
ℓ
.
Call any round circle L ⊂ ∂X a ℓ-click circle if (a) it is the union of 2ℓ geodesic
arcs of length π
ℓ
and of the form [p,m], where m ∈ M and p ∈ A(M), and (b)
|M ∩ L| = |A(M) ∩ L| = ℓ. We have just shown that every folded round circle
L ⊂ ∂X is ℓ-click. There are more examples.
Claim 1. Let L be a round circle in ∂X. Suppose A ⊆ A(M) ∩ L is uniformly
spaced around L with |A| = ℓ, and M ∩ L is nonempty. Then L is ℓ-click.
Proof. Let A,L be as in the hypothesis of the claim, and let m ∈M ∩L. Let o ∈ L
be the midpoint of a geodesic arc [p, q] of length 2π
ℓ
with p, q ∈ A. Let µ ∈ βΓ pull
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from o, let ν ∈ βΓ fold T µL; since {Tω : ω ∈ βΓ} is closed under composition, we
may find ω ∈ βΓ such that Tω = T ν ◦ T µ. Then TωL is a folded round circle, so it
must be ℓ-click. But m ∈M ∩L, so Tωm ∈M ∩ TωL, and therefore we must have
Tωo ∈M ∩ TωL because TωL is ℓ-click. But by construction, (Tω)−1(Tωo) = {o}.
Hence o ∈M . Thus A(A)∩L ⊂M , and in particular |M ∩ L| ≥ ℓ. Yet any folding
of L contains only ℓ points of M , so |M ∩ L| = ℓ and therefore M ∩L = A(A) ∩L.
Likewise, pulling from any p ∈ A(M) ∩ L and folding yields a folded round circle
TωL such that A(Tωp) ∈ M ∩ TωL in addition to every Tωm′ ∈ M ∩ TωL for
m′ ∈M ∩ L, hence A(M) ∩ L = A. Thus L is ℓ-click, as claimed. 
LetW ⊆ ∂X be the union of all geodesic arcs joining points in M . We will show
that W is a union of ℓ-click circles.
Claim 2. W is a union of ℓ-click circles, with branching in W only occurring at
points of M ∪ A(M).
Proof. First, let L ⊂ ∂X be any ℓ-click circle and let m ∈ M r L. Let x ∈ L be
the closest point on L to m; since radius∂X(M) < π, we know dT(m,x) < π by
Lemma 21. Now the geodesic arc [m,x] can be extended in two distinct ways on L,
hence there exist distinct p1, p2 ∈ L such that dT(m, pi) = π = dT(m,x)+dT(x, pi)
for i = 1, 2. But the only points on L equidistant to two pi ∈ A(M) ∩ L lie in
M ∪A(M), since L is ℓ-click. Therefore, x ∈M ∪ A(M).
Now let m′ be the closest point of M ∩ L to p1 such that m
′ /∈ [x, p1]. Then
[m,x]∪ [x, p1]∪ [p1,m
′] is a locally geodesic arc of length π+ π
ℓ
. Since Hd(m,M) =
Hd(m,M ∩K) = π− π
ℓ
, there is a (unique) geodesic arc [m,m′] of length ≤ π− π
ℓ
.
Thus the union L′ = [m,x] ∪ [x, p1] ∪ [p1,m
′] ∪ [m,m′] is a circle of circumference
≤ 2π. By the CAT(1) condition, L′ has circumference 2π and thus [m,m′] has
length π − π
ℓ
. We claim that L′ is ℓ-click.
Let A =
{
q ∈ L′ : dT(q, p1) =
2πk
ℓ
for some k = 0, 1, 2, . . . , ℓ−12
}
. Now, just as
x ∈ M ∪ A(M), it is clear that the point y ∈ L ∩ [m,m′] closest to m must lie
in M ∪ A(M). Thus for every q ∈ A, we may find some n ∈ M ∩ L such that
dT(n, q) = π. Hence A ⊆ A(M) ∩ L
′; by Claim 1, L′ is ℓ-click, as asserted.
It follows that every m ∈M lies on a ℓ-click circle. But then, as L and m were
arbitrary, every geodesic arc joining points of M must lie on a ℓ-click circle also.
ThusW is a union of ℓ-click circles. The branching restriction is also clear now. 
This establishes parts (2) and (3) of the lemma.
We now show part (1), i.e. that W is complete and convex (in the Tits metric).
Note that it follows readily from the definition of W that it is Tits-closed in ∂X ,
thus W is complete. So we consider convexity.
Claim 3. W is convex under the Tits metric on ∂X.
Proof. Let dW be the path metric onW induced from the Tits metric on ∂X ; clearly
dW ≥ dT on W . By Corollary 5, for every pair of distinct points p, q ∈ W with
dW(p, q) < π, the unique dT-geodesic arc [p, q] lies completely in W , and therefore
dW(p, q) = dT(p, q). Consequently, every dW -geodesic is locally dT-geodesic. In
particular, if p, q ∈ W satisfy dW(p, q) = π then dT(p, q) = π. Moreover, due to
the highly restricted branching in W , the path metric on W is realized by geodesic
arcs in W—that is, (W , dW) is a geodesic metric space.
Now W is a union of ℓ-click circles and therefore every p ∈ W lies on a geodesic
arc [m, p′] ⊂ W of length π
ℓ
for some m ∈ M and p′ ∈ A(M); thus dW(p,M) ≤
π
ℓ
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for all p ∈ W . By construction, dW = dT onM×M , so diamW(M) = diamT (M) =
π − π
ℓ
. Therefore, diamW(W) ≤ π +
π
ℓ
.
Now let p, q ∈ W , and let C be a geodesic arc in ∂X from p to q. We show
that C ⊂ W ; since p, q were arbitrary, this will prove W is convex. So suppose,
by way of contradiction, that C is not completely contained in W . By trimming C
if necessary, we may assume that p, q ∈ W are chosen such that C ∩ W = {p, q}.
Note that since C is geodesic (not just locally geodesic), p 6= q.
Let r ∈ ∂X be the midpoint of C, and let m ∈ M be the closest point of M to
r. By Lemma 21, dT(r,m) ≤
π
ℓ
. Thus
dT(p,m) ≤ dT(p, r) + dT(r,m) ≤
1
2
dT(p, q) +
π
ℓ
≤
1
2
dW(p, q) +
π
ℓ
(∗)
≤
1
2
(
π +
π
ℓ
)
+
π
ℓ
=
π
2
+
3π
2ℓ
≤ π
because ℓ ≥ 3. Since dT(p, r) < π, there is a unique geodesic arc [p, r] in ∂X .
Now, since p ∈ W and m ∈ M , we know dW(p,m) ≤ π. We take two cases,
dW(p,m) = π and dW(p,m) < π.
So first consider the case dW(p,m) = π. Let D be a geodesic arc in W from p
to q, and let E be the path in ∂X obtained by concatenating geodesic arcs [p, r]
and [r,m] in ∂X . Since dW(p,m) = π, we have dT(p,m) = π. This implies we
have equality throughout in (∗), and therefore E is a geodesic arc. Now suppose E
and D are distinct. Then D ∪ E must be a round circle. Since D ⊂ W , D is the
union of ℓ geodesic arcs of the form [n, o] with n ∈M and o ∈ A(M). Then D ∪E
is ℓ-click by Claim 1. Hence D ∪E is the union of geodesic arcs between points of
M , and therefore D ∪ E ⊂ W . As E ⊂ W is clear if E and D are not distinct, we
have E ⊂ W either way. Thus [p, r] ⊂ W . But [p, r] ⊂ C and r /∈ {p, q}, which
contradicts the fact that C ∩W = {p, q}. Therefore, dW(p,m) 6= π.
Now suppose dW(p,m) < π. Then the unique dT-geodesic arc [p,m] lies com-
pletely inW , and dW(p,m) = dT(p,m). Let E be the path in ∂X obtained by con-
catenating geodesic arcs [p, r] and [r,m] in ∂X . Since we know dT(p, r)+dT(r,m) ≤
π by (∗), straightening E we find [p,m] ⊆ [p, r]∪[r,m] by Corollary 5. Thus [p,m] ⊆
C∪[r,m]. Since C∩W = {p, q} but [p,m] ⊂ W , it follows that [p,m] ⊆ [r,m]∪{p, q}.
So [p,m] ⊆ [r,m]. This implies dW (p,m) = dT(p,m) ≤ dT(r,m) ≤
π
ℓ
. By symme-
try, we find dW(q,m) ≤
π
ℓ
also. Thus dW (p, q) ≤ dW(p,m) + dW(m, q) ≤
2π
ℓ
< π,
hence the unique dT-geodesic arc [p, q] lies completely in W . This implies C ⊂ W
and concludes our proof of Claim 3. 
This proves part (1) of the lemma. We now show part (4).
Let p ∈ ∂X rW . By Lemma 21, dT(p,M) ≤
π
ℓ
and thus dT(p,W) ≤
π
ℓ
. Let
x ∈ W be the first point in W on a geodesic arc from p to M of length ≤ π
ℓ
,
and let L ⊂ W be a ℓ-click circle containing x. Let ω ∈ βΓ pull from p. Then
Tω : ∂X → ∂X is 1-Lipschitz and maps ∂X into the suspension Σ(Tωp, ω+) ⊂ ∂X
in such a way that dT(T
ωq, Tωp) = ∠(q, p) for all q ∈ ∂X . It follows that Tω
maps L onto a single geodesic arc of length π, preserving distances from X (up to
distance π − dT(p, x), which is at least π −
π
ℓ
). Now unless x ∈ M ∪ A(M), the
two closest points m,m′ ∈ M ∩ L to x have different distances a, b ∈ (0, 2π
ℓ
) to x,
so 0 < dT(T
ωm,Tωm′) < 2π
ℓ
. Yet we know by Claim 2 that dT(n, n
′) ≥ 2π
ℓ
for all
distinct n, n′ ∈M ; therefore, x ∈M ∪ A(M).
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Now consider m ∈M such that dT(p,m) ≤
π
ℓ
. Concatenating the geodesic arcs
[x, p] and [p,m] gives us a path of length ≤ 2π
ℓ
< π, so by Corollary 5 the unique
geodesic [x,m] lies completely in [x, p]∪ [p,m]. But [x,m] ⊂ W by convexity of W ,
and [x, p]∩W = {x} by choice of x, so [p,m] must pass through x. Thus dT(p,m) =
dT(p, x) + dT(x,m) > dT(x,m). Since dT(q,M) =
π
ℓ
for all q ∈ A(M) ∩ W and
dT(p,m) ≤
π
ℓ
, we cannot have x ∈ A(M). Thus x ∈M .
Now let [m, q] be any geodesic arc with m ∈ M and [m, q] ∩ W = {m}. If
π
ℓ
< dT(m, q) <
2π
ℓ
, there is some m′ ∈ M {m} such that dT(q,m
′) ≤ π
ℓ
. Then
the concatenated path [m, q] ∪ [q,m′] has length < π, hence it contains the unique
geodesic [m,m′] ⊂ W . But then [m, q] ∩W = {m} implies [m,m′] ⊆ [q,m′], which
is impossible because dT(m,m
′) ≥ 2π
ℓ
> π
ℓ
≥ dT(q,m
′). Since any geodesic arc
[m, q] of length ≥ 2π
ℓ
must contain points q′ with π
ℓ
< dT(m, q
′) < 2π
ℓ
, we conclude
that every q ∈ ∂X with [m, q] ∩W = {m} must have dT(q,m) ≤
π
ℓ
.
This proves part (4) of the lemma.
Finally, suppose diam(∂TX) = π. Then there can be no R-trees hanging off W ;
thus ∂X =W and therefore ∂X is a spherical building [10, Theorem 6.1]. 
Theorem 33 (Theorem C). Suppose dim(∂TX) = 1 and M ( ∂X is a proper
minimal subset of ∂X. Let K ⊂ ∂X be a folded round sphere, and let ℓ = |M ∩K|.
Then 1 ≤ ℓ <∞. Suppose that M is chosen to minimize ℓ, among all minimal sets
M ⊂ ∂X. If ℓ = 1, ∂X splits as a suspension. If ℓ = 2, ∂X splits as a spherical
join. If ℓ ≥ 4 is even, or if ℓ ≥ 3 is odd and diam(∂TX) = π, then ∂X either is a
spherical building or splits as a spherical join.
Proof. BecauseM is nonempty and K is folded, ℓ ≥ 1. The fact that ℓ <∞ follows
from Lemma 26. The cases ℓ = 1 and ℓ = 2 follow from Theorem 20. The case
ℓ ≥ 4, ℓ even, is done in Lemma 31. The case ℓ ≥ 3, ℓ odd, is done in Lemma 32. 
The number ℓ = ℓ(Γ) = min {|M ∩K| :M minimal} in Theorem 33 is deter-
mined by ∂X as follows. If ∂X is a spherical join, there is a subgroup Γ0 of Γ
of index at most 2 that does not permute the join factors. Thus there is a closed
Γ0-invariant set A ⊂ ∂X such that |A ∩K| ≤ 2. If ∂X is a suspension, there is a
subgroup Γ0 of Γ of index at most 2 that does not permute the suspension points.
Thus (assuming ∂X is not a circle) there is a closed Γ0-invariant set A ⊂ ∂X such
that |A ∩K| ≤ 1. Thus we have proved the following result.
Theorem 34 (Theorem D). Let Γ be a group acting geometrically on a proper
CAT(0) space X with dim(∂TX) = 1. Let K ⊂ ∂X be a folded round sphere. For
each finite-index subgroup Γ0 of Γ, let ℓ(Γ0) = inf |M ∩K|, where the infimum is
taken over minimal nonempty, closed, Γ0-invariant subsets M of ∂X.
The following table summarizes the complete situation (here min ℓ(Γ0) is taken
over all finite-index subgroups Γ0 of Γ):
∂X possible ℓ(Γ) min ℓ(Γ0)
circle 1, 2, 3, 4, or 6 1
suspension but not a circle 1 or 2 1
spherical join but not a suspension 2 or 4 2
irreducible spherical building integers ≥ 3 ≥ 3
minimal ∞ ∞
π < diam(∂TX) ≤ π +
π
ℓ(Γ) odd integers ≥ 3 odd ≥ 3
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Remark. No example of the last case (π < diam(∂TX) ≤ π +
π
ℓ(Γ) ) is known, and
(at least if X is geodesically complete) would provide a counterexample to the
Diameter Rigidity Conjecture stated in [4].
Remark. The bound diam(∂TX) ≤ π +
π
3 coincides with Guralnik and Swenson’s
bound [11] for dim(∂TX) = 1.
Theorem A is an immediate corollary of Theorem 33.
Theorem 35 (Theorem A). Suppose dim(∂TX) = 1. If diam(∂TX) = π and Γ
acts minimally on ∂X, then ∂X is a spherical building or a spherical join.
Applying Theorem 10, we obtain the following.
Corollary 36 (Corollary B). Suppose dim(∂TX) = 1 and X is geodesically com-
plete. If diam(∂TX) = π and Γ acts minimally on ∂X, then X is a Euclidean
building, higher rank symmetric space, or a nontrivial product.
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